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Abstract 

The mean squared prediction error of the linear regression model is examined when 

estimation is performed with instrumental variables. It is shown that increasing the 

number of instruments in the estimation procedure, can reduce the mean squared 

prediction error of the model through more efficient estimation of the coefficient vector. 
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1. Introduction 

Consider the linear regression model  

 

                                           Xy ,            )( 'E                                               (1) 

 

where y is a 1T  vector of time observations, X  is a 1KT   matrix of observations on 

1K  explanatory variables,   is the 1T  vector of disturbances which satisfies the 

orthogonality condition and   is the error covariance matrix. Assume also a KT   

matrix ],[ ZX ZZZ   of instrumental variables exists. It includes both the explanatory 

variables in XZX   and the additional instruments zZ  derived from deterministic 

functions of them (see for example Cragg, 1983) that satisfy the necessary identifiability 

conditions (Wooldridge, 2010 p. 99). 

          Consider also the generalized two stage least squares estimator (see, Johnston and 

DiNardo, 1997, p. 337) 

 

                                          yZZXXZZX '1'1'1' )(ˆ                 

                                                     

where DXZT
p

 '1 , 
p

ZZT  '1  is the asymptotic covariance matrix of the (sample) 

moment conditions and 11' )()ˆ(  DDV   is the asymptotic covariance matrix of the 

estimator. The matrices D  and   can be partitioned as follows 

 

                                   









XZ

XX

D

D
D       and     














ZZZX

XZXX
.         

      

The sub-matrix XZD  contains elements associated with the additional instrumental 

variables. Based on this representation the estimator that does not make use of the 

additional instrumental variables in zZ  and coincides with the generalised least squares 

(GLS) estimator yXXXGLS

1'11' )(ˆ    has the following form 
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                                         yZZXXZZX XXXXXXXX

'1'1'1' )(
~   . 

 

It can be shown that the use of additional instrumental variables leads to efficiency gains 

such that  )ˆ()
~

(  VV  , if and only if (see, Peracchi, 2000, Theorem 11.6) 

  

                                                     XXXXZXXZ DD 1 .                                                       (2) 

 

2. Mean squared prediction error 

Next, consider the problem of generating forecasts for h  future periods at time T  in the 

context of model (1) 

 

                                                         ***   Xy                    

                                    

where '

11

* ),...,,(  ThThT yyyy  is the vector of future values of the dependent variable, 

*X is a 1Kh matrix with the future values of the explanatory variables and *  is a 1h  

vector of future disturbances. The variance-covariance matrix of the past and future 

disturbances can be represented as follows (see Judge et. al. 1985, p. 315) 
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When  , G  and the future values of the explanatory variables in *X are known, 

Goldberger (1962) proved that the predictor with the minimum mean squared prediction 

error (MSPE) has the following form 
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                                            )(1'**  XyVXy  
                                                  (4)          

                       

with MSPE 

 

VVyyyyEyMSPE 1'*'***** ]))([()(  . 

 

When the parameter vector   has to be estimated the predictor in (4) becomes 

 

                                             )ˆ(ˆˆ 1'**  XyVXy  
.                   

                                          

When the ordinary least squares (OLS) estimator is used the MSPE is equal to 

 

*'1'1*1'1*** )'(')'()'()'()ˆ( XXXXVVXXXXXXXXXXXyMSPE OLS

  . 

 

The GLS estimator gives the best linear unbiased predictor of *y  with the following 

MSPE (see Judge et al. 1985, p. 316) 

 

.)'()'(

)')'(()'()ˆ(
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          Fang and Koreisha (2004) proposed the following general class of predictors, which 

includes the OLS and GLS predictors as special cases 

 

                                                    )ˆ(ˆˆ '**  XyCXy   
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where yXXX 1'11' )(ˆ    and 'C  is an ( )Th matrix. The corresponding general 

form of the mean squared prediction error is 

 

'''1** )ˆ( DVDVDDyMSPE  
 

 

where )('* XAICAXD   and 1'11' )(   XXXA . The OLS predictor can be 

obtained by setting 0C  and I , while the GLS predictor can be obtained by setting 

  and 1'' VC . 

       

3. Reducing the mean squared prediction error with instrumental variables 

In this section, the mean squared prediction error of the linear regression model is 

examined when instrumental variables are used in the estimation procedure. It is shown 

that increasing the number of instruments can reduce the MSPE subject to the validity of 

the efficiency condition in (2). 

 

Proposition: Let y , ],[ ZX ZZZ    and   be stationary stochastic processes and consider 

the following estimators of the parameter vector   in model (1) subject to the standard 

orthogonality and identifiability conditions 

 

yZZXXZZX '1'1'1' )(ˆ         and      yZZXXZZX XXXXXXXX

'1'1'1' )(
~   . 

 

Assuming that condition (2) holds and the variance-covariance matrix of the past and 

future disturbances in (3) is known, the following inequality is true 

 

)ˆ,ˆ()
~

,ˆ( **  yMSPEyMSPE  . 
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Proof: Fang and Koreisha (2004), prove that  

                    

 )(ˆ XAIXy        and       Aˆ . 

 

If the estimator ̂  is used A  is equal to '1'1'1' )( ZZXXZZX   ; similarly if the 

estimator 
~

 is used A  is equal to '1'1'1' )( XXXXXXXX ZZXXZZX   . When using the 

estimator ̂  the following expression can be derived for the  

])ˆ)(ˆ[()ˆ,ˆ( '**** yyyyEyMSPE   of the predictor )ˆ('ˆˆ **  XyCXy   after 

substituting equality  )(ˆ XAIXy  , 

 

})]()(ˆ[)]()(ˆ{ '**'***'*   XXAICXXXAICXE . 

 

By rearranging we get 

 

])()[( '*''**''*   XACICAXXACICAXE . 

 

Substituting equality  Aˆ  we get the following form 

 

}])ˆ)([(])ˆ)({[( '*''**''*   ICXCXICXCXE  

 

which can also be written as follows 
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The MSPE depends on the variance of the estimator )]ˆ)(ˆ[(  E  and the elements 

of the variance-covariance matrix of the past and future disturbances. It then follows that 

since by assumption inequality (2) holds, it is also true that 

'' )ˆ)(ˆ()
~

)(
~

(   EE  and therefore 

 

)ˆ,ˆ()
~

,ˆ( **  yMSPEyMSPE  □ 
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